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a b s t r a c t

Nanofluids are considered to offer important advantages over conventional heat transfer fluids. Over a
decade ago, researchers focused on measuring and modeling the effective thermal conductivity and vis-
cosity of nanofluids. Recently important theoretical and experimental research works on convective heat
transfer appeared in the open literatures on the enhancement of heat transfer using suspensions of nano-
meter-sized solid particle materials, metallic or nonmetallic in base heat transfer fluids. The purpose of
this review article is to summarize the important published articles on the enhancement of the forced
convection heat transfer with nanofluids.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Nanofluid is envisioned to describe a fluid in which nanome-
ter-sized particles are suspended in conventional heat transfer ba-
sic fluids. Conventional heat transfer fluids, including oil, water,
and ethylene glycol mixture are poor heat transfer fluids, since
the thermal conductivity of these fluids play important role on
the heat transfer coefficient between the heat transfer medium
and the heat transfer surface. Therefore numerous methods have
been taken to improve the thermal conductivity of these fluids
by suspending nano/micro or larger-sized particle materials in
liquids.

Since the solid nanoparticles with typical length scales of
1–100 nm with high thermal conductivity are suspended in the
base fluid (low thermal conductivity), have been shown to en-
hance effective thermal conductivity and the convective heat
transfer coefficient of the base fluid. The thermal conductivity of
the particle materials, metallic or nonmetallic such as Al2O3,
CuO, Cu, SiO, TiO, are typically order-of-magnitude higher than
the base fluids even at low concentrations, result in significant in-
creases in the heat transfer coefficient (Table 1). Therefore the
effective thermal conductivity of nanofluids is expected the en-
hanced heat transfer compared with conventional heat transfer
liquids.

Choi [2] is the first who used the term nanofluids to refer to the
fluid with suspended nanoparticles. Choi et al. [3] showed that the
addition of a small amount (less than 1% by volume) of nanoparti-
ll rights reserved.
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cles to conventional heat transfer liquids increased the thermal
conductivity of the fluid up to approximately two times.

Several researches Masuda et al. [4], Lee et al. [5], Xuan and Li
[6], and Xuan and Roetzel [7] stated that with low nanoparticles
concentrations (1–5 Vol%), the thermal conductivity of the sus-
pensions can increase more than 20%. Eastman et al. [1] at Ar-
gonne National laboratory showed with some preliminary
experiments with suspended nanoparticles, the thermal conduc-
tivity of approximately 60% can be obtained with 5 Vol% CuO
nanoparticles in the based fluid of water. Heat transfer coefficient
is the determining factor in forced convection cooling–heating
applications of heat exchange equipments including engines and
engine systems. Such enhancement mainly depends upon factors
such as particle volume concentration, particle material, particle
size, particle shape, base fluid material temperature, and
additives.

Nanoparticles used in nanofluids have been made out of many
materials by physical and chemical synthesis processes. Typical
physical methods include the mechanical grinding method and
the inert-gas-condensation technique [8].

Current processes specifically for making metal nanoparticles
include mechanical milling, inert-gas-condensation technique,
chemical precipitation, chemical vapor deposition, micro-emul-
sions, spray pyrolysis and thermal spraying. Nanoparticles in most
materials discussed are most commonly produced in the form of
powders [9]. In powder form, nanoparticles can be dispersed in
aqueous or organic base liquids to form nanofluids for specific
applications. Up to date, nanofluids of various qualities have been
produced mainly by small volumes by two-step technique and the
single step technique which simultaneously produce powders and
disperses directly into the base fluids [9]. The large-scale
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Nomenclature

a acceleration
cp heat capacity
d channel diameter
D thermal dispersion coefficient
Dr thermal dispersion coefficient in radial direction
Dx thermal dispersion coefficient in axial direction
�D effective apparent thermal diffusivity
g gravity
h convection coefficient
J0 Bessel function of order zero of the first kind
K thermal conductivity
�K apparent thermal conductivity
n empirical shape factor
Nu Nusselt number
NuT Nusselt number under constant wall temperature

boundary condition
P pressure
Pe Peclet number
Pr Prandtl number
r distance in radial direction from the center of the chan-

nel
r0 radius of the channel
Re Reynolds number
T temperature
Tb fluid temperature
Ti inlet temperature
Tm mean temperature
Tw wall temperature
u velocity
�u average velocity

Um slug flow velocity
�v velocity vector
x distance in axial direction
z axial variable

Greek letters
a thermal diffusivity
b ratio between the nanolayer thickness and the original

particle radius
k Eigen value
l viscosity
q density
/ particle volume fraction

Subscripts
bf base fluid
d the contribution of hydrodynamic dispersion and irreg-

ular movement of the nanoparticles
dr drift condition
eff effective
eq equivalent
f base fluid
m mixture
n nanomaterials
nf nanofluid
p solid particles
pf slip condition
x axial variable
1 liquid
2 particle
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production of well-dispersed nanofluids at low cost is required for
commercial applications [1].

2. Thermal conductivity of nanofluids

Since the high thermal conductivity nanoparticles suspended in
the base fluid which has a low thermal conductivity, remarkably
increase thermal conductivity of nanofluids. Researchers devel-
oped many models to tell how much that increase would be and
many experiments have been conducted to compare experimental
data with those analytical models. This still needs further research
to develop a sophisticated theory to predict thermal conductivity
of nanofluids. But there exists some empirical correlations to calcu-
late effective thermal conductivity of two-phase mixture.

In the literature, the thermal conductivity enhancement ratio
been defined as the ratio of thermal conductivity of the nanofluid
Table 1
Thermal conductivities of various solids and liquids [1].

Solids/liquids Material Thermal conductivity (W/m K)

Metallic solids Silver 429
Copper 401
Aluminum 237

Nonmetallic solids Diamond 3300
Carbon nanotubes 3000
Silicon 148
Alumina (Al2O3) 40

Metallic liquids Sodium @ 644 K 72.3
Nonmetallic liquids Water 0.613

Ethylene glycol (EG) 0.253
Engine oil (EO) 0.145
to the thermal conductivity of the base fluid (Keff/K1). Researches
developed their thermal conductivity models based on the classical
research of Maxwell who researched conduction through hetero-
geneous media. The effective thermal conductivity for a two-phase
mixture consisting of a continuous and discontinuous phase has
been conducted by Maxwell [10] and the effective thermal conduc-
tivity Keff is given by

Keff ;Maxwell ¼
2K2 þ K1 þ /ðK2 � K1Þ

2K2 þ K1 � 2/ðK2 � K1Þ
K1 ð1Þ

where K1 and K2 are the thermal conductivity of the liquid and the
particle respectively and / is the particle volume fraction. Maxwell
derived his model based on the assumption that the discontinuous
phase is spherical in shape and the thermal conductivity of nanofl-
uids depend on the thermal conductivity of spherical particles, the
base fluid and the particle volume fraction.

Hamilton and Crosser [11] extended Maxwell work to cover
none spherical particles and introduced the shape factor (n) which
can be determined experimentally for different type of materials.
The goal of their research was to develop a model as a function
of particle shape, composition and the conductivity of both contin-
uous and discontinuous phases. Hamilton and Crosser model for a
discontinuous phase (particles) dispersed in a continuous phase is:

Keff ;Hamilton�Crosser ¼ K1
K2 þ ðn� 1ÞK1 � ðn� 1Þ/ðK1 � K2Þ

K2 þ ðn� 1ÞK1 þ /ðK1 � K2Þ

� �
ð2Þ

where the empirical shape factor (n) is defined by n ¼ 3=W and W is
the sphericity defined as the ratio of the surface areas of a sphere
with the volume equal to that of the particle. The Hamilton–Crosser
model reduces to Maxwell model when W ¼ 1 and was found to be
in agreement with experimental data for / < 30%. The model is va-
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lid as long as the conductivity of the particles is larger than conduc-
tivity of the continuous phase by at least by a factor of 100.
Although the experiments show that these models are good at pre-
dicting the thermal conductivity; the size effects of nanoparticles
are not included in these models.

Yu and Choi [12] modified Maxwell model with the assumption
that the base fluid molecules close to the solid surface of the nano-
particles form a solid-like layered structures. Hence the nanolayer
works as a thermal bridge between the liquid base fluid and the so-
lid nanoparticles, and this will enhance the effective thermal con-
ductivity. As seen from Fig. 1, a nanofluid consists of the liquid base
fluid, the solid nanoparticles and the nanolayers.

In order to include the effect of nanolayer in calculating Keff , Yu
and Choi assumed a spherical nanoparticle of radius (r) surrounded
by a nanolayer of thickness (h), (Fig. 1). In addition, they assumed
that the thermal conductivity of the nanolayer ðKlayerÞ is higher
than thermal conductivity of the liquid ðK1Þ. When the nanolayer
is combined with the nanoparticle, an ‘‘equivalent nanoparticle”
with thermal conductivity of ðKeqÞ is introduced. The equivalent
thermal conductivity can be calculated using the effective medium
theory [13] as:

Keq ¼
½2ð1� cÞ þ ð1þ bÞ3ð1þ 2cÞ�c
�ð1� cÞ þ ð1þ bÞ3ð1þ 2cÞ

K2 ð3Þ

where b ¼ h=r is the ratio between the nanolayer thickness and the
original particle radius and c ¼ Klayer=K2. For the case c ¼ 1, then
Klayer ¼ K2 ¼ Keq

Hence, Yu and Choi modified Eq. (1) and produced the following
model for the effective thermal conductivity:

KYu�Choi ¼
K2 þ 2K1 þ 2/ðK2 � K1Þð1þ bÞ3

K2 þ 2K1 � /ðK2 � K1Þð1þ bÞ3
K1 ð4Þ

It is important to note that the effective thermal conductivity of
nanofluids depends on the thermal conductivity of solid particles
and base fluid, particle volume fraction, shape of particles and
the thickness and the thermal conductivity of nanolayer.

The comparison of these three important models can be made
by assuming the nanolayer and radius of the nanoparticles. Yu
and Choi [12] illustrated their thermal conductivity model by plot-
ting the values for 1 nm and 2 nm-thick nanolayer cases. For the
thermal conductivity of the nanolayer, a value between thermal
conductivity of the base fluid and the thermal conductivity of
nanoparticles is proper. 5 W/m K for thermal conductivity of the
nanolayer with a thickness of 2 nm for the Al2O3/water nanofluid,
and the Al2O3 nanoparticles were chosen as 15 nm for the compar-
ison of the models. The results for these three models are shown in
Fig. 2 for various values of the particle volume fraction /. The
Fig. 1. Schematic cross section o
figure shows that that all of the models predict increasing thermal
conductivity ratio with increasing particle volume fraction. A linear
relationship is present for all of the models. Highest values are
obtained by using Hamilton–Crosser model. Models of Hamilton–
Crosser and Yu and Choi are relatively comparable whereas Max-
well predicts much lower thermal conductivity ratios than these
two models. The discrepancy between the models increases with
increasing particle volume fraction.

An important review of experimental works on the effective
thermal conductivity of nanofluids and heat transfer enhancement
is given by Yu et al. [9]. Some of the following experimental find-
ings are extracted from this work.

Lee et al. [5] and Wang et al. [14] studied the effect particle vol-
ume fraction with 24 and 23 nm CuO particles in a base fluid of
water, and found that the thermal conductivity enhancement in-
creases linearly with increased particle volume concentration; at
10% volume fraction, the thermal conductivity ratio increased by
34%.

The effect of particle volume concentration with ethylene glycol
as base fluid with CuO nanoparticles is studied by Lee et al. [5] and
Wang et al. [14]. They found that volume concentration of CuO par-
ticles with 15%, the thermal conductivity ratio increased by 50%.
Several investigators agreed on the magnitude of enhancement
with reportedly identical test parameters for Al2O3 in water
[5,15–17]], CuO in water [5,14], and CuO in ethylene glycol [5,14].

Wang et al. [14], Lee et al. [5], Xie et al. [18–20], and Das et al.
[15–17] carried out research by isolating the material property
effect by keeping all the parameters such as particle size, base fluid,
and temperature are approximately constant. But the situation
changes with the particle material when higher conductivity parti-
cles such as Al2O3, CuO, SiC with the same particle size are used.
The metal particles produce the same enhancement as the oxide
particles but at much lower volume concentration. On the other
hand, it is difficult to produce metal particle nanofluids without
the particles oxidizing during the production process.

The effect of particle size is investigated by Wang et al. [14], Lee
et al. [5], Xie et al. [18–20], and Das et al. [15–17] with spherical
particles for a single particle–water combination over a range of
particle diameter from 20 nm to 60 nm. General trend is that the
large particle diameters produce a large enhancement in thermal
conductivity. On the other hand, some theories predict that a uni-
form distribution of small particles produce better heat transfer
enhancement.

Xie et al. [18] studied the effect of particle shape on the thermal
conductivity enhancement in nanofluid and the results were com-
pared with respect to the geometric shape of the particle with the
same material and base fluid. The results indicate that elongated
particles are better enhancement of the thermal conductivity. They
f Nanofluid structure [12].



Fig. 2. Variation of thermal conductivity ratio with particle volume fraction for
Al2O3/water nanofluid.

Fig. 3. Laminar flow heat transfer of Al2O3 in water [9].
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used 26 nm spherical and 600 nm cylindrical particles of SiC in eth-
ylene glycol base fluid. It is found that at 3% volume concentration,
the thermal conductivity ratio of 1.16 and 1.10 was obtained for
cylindrical and spherical particles respectively.

Xie et al. [19] examined the effect of the base fluid material on
the thermal conductivity enhancement. The results show increased
thermal conductivity enhancement of the base fluid which has low
thermal conductivity. These results are important for the design of
the heat exchange equipment where heat transfer enhancement is
needed.

The effect of temperature on the thermal conductivity enhance-
ment has been studied by Das et al. [15], Wen and Ding [21,22],
and Li and Peterson [23]. The data clearly indicated that the
thermal conductivity enhancement increases with increased
temperature.

To prevent nanoparticles from agglomerating fluid additives are
used during the experimentation. In the literature, most studies
involving additives such as thioglycolic acid show enhancement
in the thermal conductivity [24].

3. Enhancement of convective heat transfer

The enhancement of the heat transfer coefficient is a better
indicator than the thermal conductivity enhancement for nanofl-
uids used in the design of heat exchange equipment. The physical
properties of nanofluids are quite different than the base fluid.
Density, specific heat and viscosity are also changed which en-
hance the heat transfer coefficient exceeding the thermal conduc-
tivity enhancement results reported by some experiments.

Heris et al. [25] did experiments with Al2O3 and CuO nanopar-
ticles in water under laminar flow up to turbulence (Fig. 3). He
found that more heat transfer enhancement as high as 40% with
Al2O3 particles while the thermal conductivity enhancement was
less than 15% [9].

Heat transfer experimental results are available from Pak and
Cho [26], Xuan and Li [27], Yang et al. [28], Heris et al. [25], Ding
et al. [29], Ma et al. [30], Chen et al. [31], and Kulkarni et al. [32].

Pak and Cho [26] performed experiments on turbulent heat
transfer performance of two kinds of nanofluids and turbulent fric-
tions by using c-Al2O3 and TiO2 dispersed in water. Xuan and Li
[27] studied single-phase flow for the turbulent flow and devel-
oped the following heat transfer correlation for the experimental
data:

Nunf ¼
hnf d
Knf
¼ 0:0059 1:0þ 7:6286/0:6886Pe0:001

d

� �
Re0:9238

nf Pr0:4
nf ð5Þ
For laminar flow Xuan and Li [27] provided also a correlation:

Nunf ¼
hnf d
Knf
¼ 0:4328 1:0þ 11:285/0:754Pe0:218

d

� �
Re0:333

nf Pr0:4
nf ð6Þ

The Peclet number, Pe, describes the effect of thermal dispersion
caused by microconvective and microdiffusion of the suspended
particles. The particle Peclet number, Reynolds number and the
Prandtl number for nanofluid are defined respectively as

Ped ¼
umdp

anf
ð7Þ

Renf ¼
umd
mnf

ð8Þ

and

Prnf ¼
mnf

anf
ð9Þ

where the thermal diffusively is given by

anf ¼
Knf

ðqcpÞnf
¼ Knf

ð1� /ÞðqcpÞf þ /ðqcpÞp
ð10Þ
4. Theoretical analysis of heat transfer enhancement with
nanofluids

The seminal work by Choi [2] reported the concept of nanofl-
uids and then the interest in this area has grown. Limited computer
simulations of thermal properties and heat transfer characteristics
of nanofluids have been performed. Some of these simulations
dealt with the effective thermal conductivity of nanofluids
[33,34] or effective viscosity [35] and most of them focuses on
the heat transfer of nanofluids [36–60]. A complete understanding
about the heat transfer enhancement in forced convection in lam-
inar and turbulent flow with nanofluids is necessary for their prac-
tical applications to heat transfer enhancement. Nanofluids, in
nature, are multi-component fluids. It is therefore in the literature
available treated as either a two-phase homogeneous flow with no
slip between nanoparticles and the fluid which are also in thermal
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equilibrium; or it is treated with a slip between the particles and
the base fluid with thermal equilibrium.

Most forced convection flows are dependent on both the Rey-
nolds and Prandtl numbers but for the case of nanofluids additional
parameters are included to take into account the thermal proper-
ties of all the constituents. From the information mentioned above,
it is expected that heat transfer coefficient of the nanofluid will de-
pend on the thermal conductivity and the heat capacity of the base
fluid and nanomaterials, flow pattern, Reynolds and Prandtl num-
bers, temperature, the volume fraction of the suspended particles,
the dimensions, and shape of the particles.

Xuan and Roetzel [7] proposed the following general function
for the Nusselt number:

Nunf ¼ f Re;Pr;
Kn

Kf

ðqcpÞn
ðqcpÞf

;/; particle shape; flow geometry

" #
ð11Þ

where f and n stand for base fluid and nanomaterials respectively.
Another possible method of formulation suggested by Xuan and
Roetzel [7] is by postulating that the ratio of the heat transfer coef-
ficients of the nanofluid and base fluid is proportional to the ratio of
the respective thermal conductivities of the nanofluid and base fluid
raised to some power, m.

hnf � hf
Knf

Kf

� �m

ð12Þ

where the exponent depends on flow regime and m = 2/3 is sug-
gested for turbulent flow.

The above mentioned methods of formulation regard the nano-
fluid as a single phase fluid where in reality it is a two-phase solid–
fluid mixture. The size of the dispersed particles presents some dif-
ficulty in analyzing the interaction between the fluid and the solid
particles during energy transfer. Many researchers have suggested
that in fact Brownian motion is one of the factors in the enhance-
ment of heat transfer. This random motion of ultra-fine particles
would create a slip velocity between the solid particles and the
fluid medium. Xuan and Roetzel [7] also suggest including small
perturbations in the temperature and velocity formulation to
account for the Brownian motion.

Results showed significant increased with regards to both par-
ticle concentration and flow Reynolds number. Similarly an analy-
sis was done with the ethylene glycol based mixture and results
showed similar trends however the ethylene glycol mixture shows
more pronounced variations with respect to the particle concentra-
tion and flow Reynolds number.

As mentioned above, there are two approaches in finding heat
transfer coefficient of the nanofluids in duct flow. One of the meth-
ods is conventional approach by the use of the nanofluid thermal
and transport properties in the available correlations for heat
transfer coefficient for the pure base fluid. Therefore the following
property expressions are for nanofluids

qeff ¼ ð1� /Þqf þ /qn ð13Þ
cp;eff ¼ ð1� /Þcp;f þ /cp;n ð14Þ
ðqcpÞnf ¼ ð1� /ÞðqcpÞf þ /ðqcpÞn ð15Þ

Drew and Passman [61] introduced the well-known Einstein’s
formula for evaluating for effective viscosity, leff ,

leff ¼ lf ð1þ 2:5/Þ for /h0:05 ð16Þ

Einstein’s equation was extended by Brinkman [62] as

leff ¼ lf
1

ð1� /Þ2:5
ð17aÞ

For /h0:05, the following expression for leff for spherical particles
can also be used
leff ¼ lf ð1þ 2:5/Þ ð17bÞ

Effective thermal conductivity can be incorporated from one of
the thermal conductivity model expressions given by Eqs. (1) and
(2).

Keff ;Maxwell ¼ K1
K2 þ 2K1 þ 2ðK2 � K1Þ/
K2 þ 2K1 � 2ðK2 � K1Þ/

ð18Þ

Keff ;Hamilton ¼ K1
K2 þ ðn� 1ÞK1 � ðn� 1ÞðK1 � K2Þ/

K2 þ ðn� 1ÞK1 þ ðK1 � K2Þ/
ð19Þ

where n = shape factor (for sphere n = 3, for cylinder n = 6) and /
= volume fraction of nanoparticles with

Pr ¼
leff cp;eff

Keff
ð20Þ

Re ¼
qeff ud
leff

ð21Þ

and

Nu ¼ hd
Keff

ð22Þ

For example for fully developed laminar flow under constant wall
temperature boundary condition

NuT ¼
hd
Keff
¼ 3:657 ð23Þ

And for the turbulent flow, the Petukhof–Krillov correlation

Nu ¼ hd
Keff
¼ ðf=8ÞRePr

1:07þ 12:7ðf=8Þ1=2ðPr2=3 � 1Þ
lb

lw

� �n

ð24Þ

where n = 0.11 for TwiTb, n = 0.25 for TwhTb, and n = 0 for constant
properties of gases with

f ¼ ð1:82log10Re� 1:64Þ�2 ð25Þ

can be used to calculate heat transfer coefficients for nanofluids in
duct flow for laminar and turbulent flow regimes respectively by
the use of the proper nanofluid properties. The most important
one is the selection of the suitable thermal and transport properties.
The results can be compared with experimental findings under the
same conditions.

In the second approach, the governing equations under the
specified boundary conditions can be solved. In this case, the equa-
tion of conservation (mass, momentum, and energy) which are
well known for single-phase flow can be extended for nanofluids.
If the micro convective and micro diffusion of the suspended par-
ticles (hydrodynamic dispersion) are neglected, these two ap-
proaches will result in less heat transfer coefficients than the
experimental findings.

Solutions to governing equations can be given assuming the
nanofluid is compressible with no slip between the particles and
the fluid, but they are in thermal equilibrium. Under such condi-
tions, the general conservation equations in the vectorial form
can be written as [63].

Conservation of mass.

divðq�vÞ ¼ 0 ð26Þ

Conservation of momentum

divðq�v�vÞ ¼ �gradP þ lr2�v ð27Þ

Conservation of energy

divðq�vcpTÞ ¼ divðKgradTÞ ð28Þ

These equations can be simplified depending on the required
solution.
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Because of the several effects, the slip velocity between the ul-
tra-fine nanoparticles and the fluid may not be zero. One must use
the dispersed model in which the random movement of the parti-
cles is taken into account and the thermal conductivity will be the
apparent thermal conductivity. For fully developed nanofluid flow
in heated tube, the energy equation in the presence of heat dissipa-
tion can be written as

U
@T
@x
¼ aeff þ

Dx

ðqcpÞeff

 !
@2T
@x2 þ

1
r
@

@r
aeff þ

Dr

ðqcpÞeff

 !
r
@T
@r

" #

þ l
qcp

� �
eff

du
dr

� �2

ð29Þ

where aeff is the effective diffusivity of nanofluid, Dx and Dr are the
thermal dispersion coefficients in axial and radial directions respec-
tively which take into account for the contribution of the hydrody-
namic dispersion and the irregular movement of the nanoparticles.
If one assumes isotropical flow, that is Dx ¼ Dr ¼ D the effective
apparent thermal diffusivity becomes

�D ¼ a�eff ¼ aeff þ
D

ðqcpÞeff
ð30Þ

and the apparent thermal conductivity

�K ¼ Keff þ D ð31Þ

For fully developed laminar flow, the velocity profile is parabolic as

u
�u
¼ 2 1� r2

r2
0

� �
ð32Þ

where �u is the average velocity in the axial direction. If the heat con-
duction in the axial direction is neglected, then Eq. (29) can be writ-
ten as for fully developed laminar flow.

u
@T
@x
¼ 1

r
@

@r
�Dr
@T
@r

� �
ð33Þ

The energy equation in any forms must be solved for nanofluid
forced convection with the given boundary conditions of constant
wall temperature or constant heat flux with a constant inlet
temperature.

Researchers in the field of heat transfer enhancement used sev-
eral techniques for heat transfer enhancement. In recent years, as it
is already mentioned, many published articles focused on measur-
ing and determining properties of nanofluids especially modeling
and measuring thermal conductivities of nanofluids and heat
transfer coefficients, Trisaksri and Wongwises [64].

Xuan and Li [6] presented the classical Graetz solution to Eq.
(33) for a plug flow, u = constant, for the constant wall temperature
boundary conditions as also given in [63]
Table 2
Convective heat transfer coefficient and associated enhancement ratios of the fully develo

Condition Con
in

0.6

1 Slug flow with constant wall temperature
boundary condition

177

2 Parabolic velocity profile with constant
wall temperature boundary
condition

112

3 Parabolic velocity profile with constant
wall heat flux boundary condition

134

4 Parabolic velocity profile with linear wall
temperature boundary condition

134
Nux ¼
hxd
K
¼

P1
m¼1e�4k2

mðx=dÞ=PeP1
m¼1

1
k2

m
e�4k2

mðx=dÞ=Pe
; Pe ¼ Umd

a�eff

ð34Þ

The classical Graetz problem can be extended for constant heat
flux, constant wall temperature, and the linear wall temperature
boundary conditions with parabolic velocity profile [63]. Using the
parabolic velocity profile, the local Nusselt numbers can be obtained
from:

Nux ¼
hxd
Keff
¼
P1

n¼1Ane�k2
nnP1

n¼1
An

k2
n

e�k2
nn
ðconstant wall temperatureÞ ð35Þ

Nux ¼
hxd
Keff
¼ 11

48
� 1

2

X1
n¼1

e�b2
nn

Anb
4
n

" #�1

ðconstant wall heat fluxÞ ð36Þ

Nux ¼
hxd
Keff
¼

1
2þ 4

P1
n¼1

Cn
2

R0nð1Þ
k4

n
e�k2

nn

88
768þ 8

P1
n¼1

Cn
2

R0nð1Þ
k4

n
e�k2

nn
ðlinear wall temperatureÞ

ð37Þ

where n ¼ x=r0
Pe ; Pe ¼ umd

aeff
, and eigenvalues and coefficients can be

found in Kakaç and Yener [63].
From Eqs. (34)–(37), asymptotic values of Nusselt numbers are

obtained. Then using Hamilton and Crosser correlation for the
effective thermal conductivity of Al2O3/water nanofluid, convective
heat transfer coefficient for fully developed laminar flow condi-
tions and the thermal conductivity enhancement are given in
Tables 2 and 3. Note that the thermal dispersion coefficient, Dr , is
neglected.

As seen from the tables, enhancement in both convective heat
transfer coefficient and thermal conductivity increased with
increasing particle volume fraction. It should also be noted that
the enhancement ratios are the same for convective heat transfer
coefficient and thermal conductivity. If the particle volume fraction
is increased to 8%, heat transfer coefficient increases 40%.

In the following sections, we further summarize the recent pub-
lications on the theoretical investigation of forced convection heat
transfer with nanofluids.

Theoretical studies of the possible heat transfer mechanisms
have been initiated, but to date obtaining an atomic- and micro-
scale-level understanding of how heat is transferred in nanofluids
remains the greatest challenge that must be overcome in order to
realize the full potential of this new class of heat transfer fluid [65].
They have evaluated four specific mechanisms discussed in the lit-
erature could contribute to thermal conductivity which seems to
be able to explain the anomalous increases in thermal conductivity
enhancement of nanofluids. They discussed the theoretical studies
of the possible heat transfer mechanisms of various researchers,
and addressed the issue of convective heat transfer enhancement
and unresolved problems of heat transfer with nanofluids.
ped conditions of the base fluid and nanofluid.

vective heat transfer coefficient, h, W/m2 K (percent increase
convective heat transfer coefficient with respect to pure water)

% Al2O3/water 1.8% Al2O3/water Pure water

.8 (2.80%) 187.6 (8.51%) 172.9

.4 (2.80%) 118.6 (8.51%) 109.3

.1 (2.80%) 141.6 (8.51%) 130.5

.1 (2.80%) 141.6 (8.51%) 130.5
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Eapen et al. [66] proposed molecular dynamic simulation. He
has shown that all the transport coefficients such as thermal con-
ductivity for heat transport and viscosity and diffusion coefficients
for momentum and mass transport can be evaluated using the lin-
ear response theory and discussed the enhanced phonon transport
mechanism in low-dimensional quantum systems such as nano-
tubes.

Maïga et al. [43] gave a solution of the forced convection of
water-cAl2O3 and ethylene glycol-cAl2O3 nanofluids flowing in a
tube under constant and uniform heat flux boundary condition
for both laminar and turbulent flow regimes by neglecting the slip
velocity between the phases. The governing equations are written
in cylindrical coordinate (r, h, z) and the following expressions have
been used to compute the thermal and physical properties of the
nanofluids under consideration.

qnf ¼ ð1� /Þqbf þ /qp ð38Þ
ðcpÞnf ¼ ð1� /ÞðcpÞbf þ /ðcpÞp ð39Þ
lnf

lbf
¼ 123/2 þ 7:3/þ 1 for water� cAl2O3 ð40Þ

lnf

lbf
¼ 306/2 � 0:19/þ 1 for ethylene glycol� cAl2O3 ð41Þ

Knf

Kbf
¼ 4:97/2 þ 2:72/þ 1 for water� cAl2O3 ð42Þ

Knf

Kbf
¼ 28:905/2 þ 2:8273/þ 1 for water� cAl2O3 ð43Þ

where p, bf , and nf refer to the particles, the base fluid, and the
nanofluid, respectively.

For the turbulent flow, the time averaged Navier–Stokes are
solved with k-e turbulent model. The solution results of the gov-
erning equation have been validated by experimental findings. It
is also shown that the presence of particles affects on the wall fric-
tion which increases with the particle volume concentration.

The augmentation of heat transfer capabilities of radial cooling
system was investigated by Roy et al. [44]. They made an analysis
of laminar flow and heat transfer in a radial flow of two coaxial and
parallel disks cooling system with the use of nanofluids. The gov-
erning equations were written in the cylindrical coordinates (r, z)
and solved numerically for the hydrodynamic and thermal fields
of a water-cAl2O3 nanofluid in a radial laminar flow using thermal
and physical properties of nanofluids as a classical homogeneous
two-phase mixture as used by Maïga et al. [43].

Buongiorno [67] developed a two-component four-equation
nonhomogeneous equilibrium model for mass, momentum, and
heat transfer in nanofluids. He considered seven slip mechanisms
that can produce a relative velocity between the base fluid and
nanoparticles. It is conducted that only Brownian diffusion (the
random motion of nanoparticles within the base fluid) which re-
sults from continuous collision between nanoparticles and the
molecules of the base fluid and the thermophoresis (diffusion of
particles under the effect of a temperature gradient) are impor-
tant slip mechanisms in nanofluids and the energy transfer by
nanoparticle dispersion is negligible; in the literature, heat trans-
fer enhancement is commonly attributed to nanoparticle
dispersion.

Maïga et al. [50] presented a numerical method to study heat
transfer enhancement in convective heat transfer by using nano-
fluids. He investigated the problem of laminar forced convection
flow for two particular geometrical configurations of uniformly
heated tube and a system of parallel, coaxial, and heated disks,
by the use of nanofluids of water-cAl2O3 and ethylene glycol-
cAl2O3. For two boundary conditions considered, correlations
have been given for Nusselt number of nanofluids. It has been
found that ethylene glycol-cAl2O3 yields better heat transfer
enhancement than water-cAl2O3. But the inclusion of nanoparti-
cles was shown to increase the wall shear stress by as much as
7 times that of the base fluid. It is reasonable to believe this since
the nanoparticles also increase the mixture viscosity. Maïga et al.
[50] also looked at the effect of particle concentration and flow
Reynolds number on the average heat transfer coefficient in the
tube using the water based mixture. As a result of the numerical
analysis, two correlations for the determination of the averaged
Nusselt number for a tube flow as a function of Reynolds number
and Prandtl number were provided for the constant heat flux and
constant wall temperature boundary conditions. These correla-
tions are:

Nu ¼ 0:086 Re0:55Pr0:5 for constant wall heat flux ð44Þ
Nu ¼ 0:28 Re0:35Pr0:36 for constant wall temperature ð45Þ

The above correlations are valid for Re 6 1000, 6 6 Pr 6 753, and
/ 6 10% .

Koo and Kleinstreuer [48] simulated and analyzed laminar flow
in microheat-sinks considering two types of nanofluids, i.e., CuO
nanospheres at low consideration in water or ethylene glycol, the
conjugated forced convection problem for microheat-sinks.
Assuming steady laminar flow of a nanofluid under constant heat
flux boundary condition, the governing equations for the fluid
and the wall are solved numerically considering the effective ther-
mal conductivity as the same of the conventional static part, Kstatic,
as well as a dynamic part, KBrownian, which originate from the par-
ticle Brownian motion. For the static part, Maxwell model given
by Eq. (1) is used and an expression for KBrownian has been devel-
oped. For these two mixtures flowing in a microchannel, tempera-
ture profiles, and Nusselt numbers are computed. It has been
shown that the addition of nanoparticles to high-Prandtl number
liquids with nanoparticles at high volume concentration of about
4%, significantly increases the heat transfer performance of micro-
heat-sinks.

Khaled and Vafai [47] presented heat transfer enhancement for
fully developed laminar flow in a two-dimensional channel by con-
trolling thermal dispersion effects inside the fluid. In this work en-
ergy equations for different fluid regimes are solved with constant
heat flux boundary condition analytically and numerically by
neglecting axial conduction and heat dissipation. The average
properties of nanofluid except the thermal conductivity to account
for thermal dispersion effects. The nanofluid is assumed Newto-
nian. Various distributions for dispersive elements such as nano-
particles are considered and it is shown that the distribution of
the dispersive elements that maximizes the heat transfer is gov-
erned by the flow and thermal conditions plus the properties of
the dispersive elements.

Wang and Mujumdar [68], and Daungthongsuk and Wongwises
[69] presented a limited review convective heat transfer using
nanofluids which summarizes research work on heat transfer
characteristics.

Palm et al. [70] furthered the study of the radial flow cooling
systems by including temperature dependent properties; specifi-
cally the dynamic viscosity as well as the thermal conductivity
were given temperature dependent distributions for nanoparticle
concentrations of 1% to 4%. The results then reconfirmed that the
use of nanoparticles does increase the heat transfer capabilities
for the radial flow cooling system but similar increases were also
shown for the wall shear stress. The inclusion of the temperature
dependency showed an increase in the heat transfer rate when
compared to that of a constant property analysis. However again
it is noted that further research must be done to fully understand
the behavior and classification of this new cooling fluid.

Maïga et al. [71] presented heat transfer enhancement and
studied the hydrodynamic and thermal behavior of turbulent flow



Table 3
Thermal conductivity of nanofluids and pure water and associated enhancement
ratios.

0.6% Al2O3/
water

1.8% Al2O3/
water

Pure
water

Thermal conductivity, W/m K 0.615 0.649 0.598
Percent increase in thermal conductivity

with respect to pure water
2.80% 8.51% –
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in a tube numerically for using Al2O3 nanoparticle suspension at
various concentrations under the constant heat flux boundary con-
dition. The systems of non-linear and coupled governing equations
are solved by a numerical method of control volume. The classical
Launder and Spalding [72] k-e model was employed to model the
turbulence. A new correlation as

Nufd ¼ 0:085Re0:71Pr0:35 ð46Þ

is proposed to calculate the fully developed heat transfer coefficient
for the water-cAl2O3 mixture as a single phase fluid for 104

6 Re
6 5� 105, 6:6 6 Pr 6 13:9, and 0 < / < 10%. Variation of wall shear
stress with respect to Reynolds number and particle volume frac-
tion was also examined. Ratio of the wall shear stress of the nano-
fluid to that of the base fluid was found to be increasing with
particle volume fraction. However, it was noted that the ratio was
nearly independent of Reynolds number. When absolute value of
the wall shear strss was considered it was seen that it increased
with both particle volume fraction and Reynolds number.

As mentioned before, convective heat transfer with nanofluids
can be modeled using two-phase or single phase approach. The sin-
gle phase approach assumes that fluid phase and particles are in
thermal equilibrium and move with the same velocity. This model
has been used in several studies of convective heat transfer with
nanofluids [39,43,48,73].

Mirmasoumi and Behzadmehr [74] analyzed laminar mixed
convection of a nanofluid consists of water-cAl2O3 in a tube
numerically by the use of two-phase mixture models. Velocity dis-
tributions and Nusselt numbers are obtained over a wide range of
Grashof and Reynolds number. By the use of the two-phase model,
the effect of the particles movement on the heat transfer coeffi-
cient can be clearly understood.

Heris et al. [75] presented a solution for the enhancement of
laminar forced convection with a nanofluid flowing in a tube under
constant wall temperature boundary condition by the use of the
homogeneous model assuming that the flow and energy equations
of the base fluid are not affected by the presence of the suspended
particles. For the fully developed laminar forced convection, the
energy equation for pure fluid with axial and radial conduction
was written as

u
@T
@z
¼ K

qcp

� �
nf

@2T
@z2 þ

1
r
@

@r
K

qcp

� �
nf

r
@T
@r

" #
ð47Þ

The parameter ðqcpÞnf in the above equation for nanoparticles is
determined as

ðqcpÞnf ¼ ð1� /ÞðqcpÞf þ /ðqcpÞn ð48Þ

The property relations given by Eqs. (17b, 48) are introduced in
the solution. Yu and Choi correlation given by Eq. (4) is used for the
thermal conductivity of nanofluid with b ¼ 0:1 for determination
of nanofluid effective thermal conductivity which is the most
important parameter for the enhancement of heat transfer with
nanofluids. Dispersion model is also used considering for the con-
tribution of hydrodynamic dispersion and irregular movement of
nanoparticles in the radial and axial directions. The energy equa-
tion becomes
u
@T
@z
¼1

r
@

@r
Knf
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þ Kd;r
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ð49Þ
The effective thermal conductivity is
Keff ¼ Knf þ Kd ð50Þ

where Kd is the dispersed thermal conductivity and Knf is the ther-
mal conductivity of nanofluid. Neglecting the axial diffusion and
dispersion, the energy equation for fully developed laminar flow
in a circular tube has been solved at different Peclet numbers
(2500–6500) for Al2O3–water, Cu–water, an CuO–water nanofluids
are validated with experimental findings.

Behzadmehr et al. [76] presented a solution for the prediction of
turbulent forced convection of nanofluid in a tube under the con-
stant wall heat flux boundary condition by the use of two-phase
approach in which each phase has its own velocity. The nanofluid
consisted of water as a base fluid and 1 Vol% Cu. Continuity,
momentum and energy equations are written in terms of mean
values, volume fraction (/), and the mixture density (qm)

qm ¼
Xn

k¼1

/kqk ð51Þ

And lm is the mixture viscosity

lm ¼
Xn

k¼1

/klk ð52Þ

where k is the secondary phase, i.e., the nanoparticles. A slip veloc-
ity is defined as the velocity of the particle relative to the velocity of
the base fluid phase

upf ¼ up � uf ð53Þ

The drift velocity is related to the relative velocity

udr;p ¼ upf �
Xn

k¼1

/kqk

qm
uf ;k ð54Þ

Slip velocity is determined from the following expression [77]

upf ¼
qpd2

pðqp � qmÞ
18lf f dragqp

a ð55Þ

where fdrag is given by Schiller and Naumann [78] as

fdrag ¼
1þ 0:15Re0:687

p for Rep 6 1000
0:0183Rep for Rep > 1000

(
ð56Þ

and the acceleration

a ¼ g � ðum � rÞum ð57Þ

The effective solid viscosity is given in terms of solid volume frac-
tion [79]. The turbulence is modeled with the Launder and Spalding
[72] k-e turbulence model for the mixture. In this work, single
phase approach is also used and the governing equations are solved
by using the same turbulence model. By comparing with experi-
mental results, it is shown that two-phase model is more accurate
than the single phase model.

Mirmasoumi and Behzadmehr [80] studied numerically the ef-
fect of the nanoparticle size of nanofluid on laminar mixed convec-
tion heat transfer in a horizontal tube. Two-phase mixture model
based on a single fluid two-phase approach has been used to inves-
tigate fully developed mixed convection of water–Al2O3 nanofluid.
The continuity, momentum, and energy equations for the mixture
are employed with uniform heat flux at the wall. The similar meth-
od used in this analysis presented by Behzadmehr et al. [76].
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5. Conclusions

The literature survey shows that nanofluids significantly im-
prove the heat transfer capability of conventional heat transfer flu-
ids such as oil or water by suspending nanoparticles in these base
liquids. Further theoretical modeling and experimental works on
the effective thermal conductivity and apparent diffusivity are
needed to demonstrate the full potential of nanolfuids for enhance-
ment of forced convection. The understanding of the fundamentals
of heat transfer and wall friction is prime importance for develop-
ing nanofluids for a wide range of heat transfer application.
Although there are recent developments in the study of heat trans-
fer with nanofluids, more experimental results and the theoretical
understanding of the mechanisms of the particle movements are
needed to understand heat transfer and fluid flow behavior of
nanofluids. Further work is also needed for the treatment of nano-
fluids as a two-phase flow since slip velocity between the particle
and base fluid plays important role on the heat transfer perfor-
mance of nanofluids.
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